@ In engineering, linear-time invariant (LT1) systems play a very important
role.

@ \ery powerful mathematical tools have been developed for analyzing LTI
systems.

@ LTIsystems are much easier to analyze than systems thatare not LTI In
@ practice, systems thatare not LTI can be well approximated using LTI
models.

@ S0, even when dealing with systems that are not LTI, LTI systems still play an
important role.
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Section 3.1

Convolution ‘
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@ The (CT) of the functions xand /1, denoted x>/, is defined
as the function

w )
xkHit= ( XT)At-T)dr.

@ The convolution result x>*/Aevaluated at the point #is simply a weighted
average of the function X where the weighting is given by /time reversed
and shifted by /.

@ Herein, the asterisk symbol (i.e., “¥) will always be used to denote
convolution, not multiplication.

@ As we shall see, convolution is used extensively in systems theory.

@ In particular, convolution has a special significance in the context of LT
systems.
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@ To compute the convolution

w )
X*M = ( XT)At—T1)ar«

we pro@é%‘d"ﬁ@ AIRWEL—T) as a function of T.

Qo
2
o
o
Q
Q

Initially, consider an arbitrarily large negative value for Z. This will result in
*/f—T) being shifted very far to the left on the time

axis. Write the mathematical expression for xx/Z.(

sIncrease Zgradually untilthe expression for x*/(f) changes form.
Record the interval over which the expression for x>/ f) was valid.
*Repeatsteps 3 and 4 until Zis an arbitrarily large positive value. This
corresponds to /(£ —T) being shifted very far to the right on the time axis.
*The results for the various intervals can be combined in order to obtain

an expression for x>/ ) for all £.
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@ The convolution operation is commutative That is, for any two functions x
and /

Xkh= h%xx

@ The convolution operation is assoc/at/ve Thatis, for any signals X /n, and
2

YX*)Mm) kM = xx(m *xh(2

@ The convolution operation is alstributivewith respect to addition. That is,
for any signals X, /n, and /2

xXx(m+ ) = xkm+ xxho



@ Forany function x
} "
Xt = ( XT1)0(f—T)ar = x*x0(&.(

@ Thus, any function xcan be written in terms of an expression involving O.
@ Moreover, Ois the convolutional identity. Thatis, for any function x

X*k0= X



@ The convolution of two periodic functions is usually not well defined.

@ This motivates an alternative notion of convolution for periodic signals
known as periodic convolution.

@ The of the 7-periodic functions xand /, denoted
X® £, is defined as

}
xX® Nt = ( T)<(T)/7(f—T)0'f,

where {Tdenotes integration over an interval of length 7.

@ The periodic convolution and (linear) convolution of the 7-periodic
functions xand Aare related as follows:

X® A1) = X0 *xAt) where X= ( i x(t—KT(
koo —=

)i.e., x0(f) equals X(f) over a single period of xand is zero elsewhere.(
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Section 3.2

Convolution and LTI Systems
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The response Aofa system A to the input Ois called the
of the system (i.e., 1= H{d}).

For any LTI system with input X output J; and impulse response /, the
following relationship holds:

y= Xx*h.

In other words, a LTI system simply computes a convolution.
Furthermore, a LTI system is completaly characterized by its impulse
response.

That is, if the impulse response ofa LTI system is known, we can
determine the response of the system to any input.

Since the impulse response ofa LTI system is an extremely useful
quantity, we often want to determine this quantity in a practical setting.

Unfortunately, in practice, the impulse response of a system cannot be
determined directly from the definition of the impulse response.
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@ The response sofa system H to the input vis called the of
the system (i.e., s= H{ u({

@ The impulse response /1and step response Sofa system are related as

Ko = 28

@ Therefore, the impulse response ofa system can be determined from its
step response by differentiation.

@ The step response provides a practical means for determining the impulse
response ofa system.
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@ Often, itis convenient to represent a (CT) LTI system in block diagram
form.

@ Since such systems are completely characterized by their impulse
response, we often labela system with its impulse response.

@ Thatis, we represent a system with input X output ), and impulse
response £ as shown below.

O [ LA

K
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@ The sar/esinterconnection of the LTI systems with impulse responses /n

and /p is the LTI system with impulse response /1= /n */p. That is, we
have the equivalences shown below.

Do B me 222 = L e P22
{ L
i e e =20 = Y B e |2

@ The parallel interconnection of the LTI systems with impulse responses /x

and /pis a LTI system with the impulse response A= /n+ /p. Thatis, we
have the equivalence shown below.
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Section 3.3

Properties of LTI Systems
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@ ALTIsystem with impulse response /Ais memoryless if and only if

Hf) =0 foralltj=

@ Thatis, a LTI system is memoryless if and only if its impulse response Ais of
the form

A1) = Ko(1(

where K'is a complex constant.

@ Consequently, every memoryless LTI system with input xXand output yis
characterized by an equation of the form

y= x*k(K0®) = Kx

)i.e., the system is an ideal amplifier.(

@ Fora LTI system, the memoryless constraint is extremely restrictive (as
every memoryless LTI system is an ideal amplifier.(

Version: 2016-01-25



@ ALTIsystem with impulse response Ais causal if and only if
Af)=0 forallt< O

)i.e., f1is a causal signal.(

@ Itis due to the above relationship that we call a signal X satisfying
X)) =0 forallft< <0

a causal signal.

Version: 2016-01-25



